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This Letter reports a generalized theory of the smallest diameter of metallic nanorods from 
physical vapor deposition. The generalization incorporates the effects of nanorod separation and 
those of van der Waals interactions on geometrical shadowing. In contrast, the previous theory 
for idealized geometrical shadowing [Phys. Rev. Lett. 110, 136102 (2013)] does not include any 
dependence on nanorod separation and it predicts the diameter to be about 1/2 to 1/3 of what 
the generalized theory does. As verification, numerical solutions and the generalized theory in 
closed-form agree in terms of effective deposition flux. As validation, experiments of physical 
vapor deposition and the generalized theory agree in terms of the diameter as a function of the 
separation of nanorods. 
 
PACS numbers:  68.55.A-, 81.15.Dj, 61.46.Km 
The diameter of metallic nanorods from physical 
vapor deposition (PVD) is a critical quantity that 
defines their functionalities, such as mechanical 
strength [1-3] and sensitivity in surface enhanced 
Raman spectroscopy [4-6]. Conventional PVD 
processes typically lead to the growth of thin films [7, 
8]. Under glancing angle deposition (GLAD), PVD 
processes result in the growth of nanorods [9, 10]. As 
atoms arrive on a substrate with a glancing angle that is 
close to 90o, they land at peaks and avoid valleys due to 
geometrical shadowing effects. As an effect of positive 
feedback, the peaks grow into nanorods due to 
geometrical shadowing. In the processes of nanorod 
growth, multiple-layer surface steps form and impose 
three-dimensional (3D) Ehrlich-Schwoebel (ES) 
barriers [11, 12] that are larger than the conventional 
ES barriers from monolayer surface steps [13, 14].  
The diameter of nanorods is the smallest when the 
3D ES barriers dominate or equivalently when 
multiple-layer surface steps bound the top of nanorods 
[15] under a given geometrical shadowing condition. 
The geometrical shadowing goes to complete or ideal 
as the incidence angle approaches 90o. Under this 
idealized condition, all atoms will be deposited on the 
top surface of nanorods with none reaching their side 
surfaces, independent of nanorod separation. For such 
idealized geometrical shadowing, we recently reported 
a closed-form theory of the smallest diameter [15].  
Going beyond the idealized shadowing condition, 
we here report a generalized theory, in closed-form, 
with non-ideal shadowing conditions and with the 
effects of van der Waals (vdW) interactions. Figure 1 
schematically illustrates the generalization of a nanorod 
growth process. The direct deposition on the top results 
in a diameter of the core (orange in the figure), which 
is governed by our previous theory [15]. The deposition 
on the sides gives the thickness of the shell (tan in Fig. 
1), and it depends on the separation of nanorods. 
Further, due to vdW interactions, the atomic flux on the 
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top is greater than on the side of nanorods, as indicated 
by the denser flux lines in Fig. 1.  
 
 
FIG. 1. Schematic of nanorod growth, showing atomic 
flux (green lines) in a vertical cross-section that cuts 
through the center of three nanorods in the front.  
 
Conceptually, the top surface of a nanorod 
advances at a rate that is higher than the deposition rate 
because of the denser flux lines; the amount of diffusion 
off the top surface and down the sides is small as shown 
previously [15]. Further, under quasi-steady state 
growth, the diameter of the nanorods is dictated by (1) 
its vertical growth rate, which is the rate that its top 
surface advances; and (2) the total amount of atoms it 
receives, which depends on the nanorod separation.     
In the following, we first derive the theoretical 
expression of the flux on the top of nanorods to account 
for the vdW interactions, then use this theory to derive 
a generalized theory of nanorod diameter. Finally, 
following the prediction of the generalized theory, we 
carry out PVD experiments to validate the theory.  
As the first step of formulating the expression for 
flux to account for the vdW interactions, we consider a 
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system consisting of an incoming atom and a large flat 
substrate. As shown in Fig. 2, an incoming atom on the 𝑥 - 𝑧  plane has a velocity of magnitude 𝑉(  and a 
direction that forms angle 𝜃  with 𝑧 . Due to vdW 
interactions, its trajectory deviates from the straight 
broken line to the curved solid line. Although the vdW 
interaction between two atoms decays with the 6th 
power of distance, the interaction between an atom and 
a large flat surface (or semi-infinite solid) decays with 
the 3rd power of distance. For the system in Fig. 2, the 
interaction energy 𝐸 𝑧  is −𝐶/𝑧-  [16-18]. For 
copper-copper interactions, as the prototype in this 
Letter, a typical value of 𝐶  is 2.1×101-	eV ∙ nm- 
[19]. In PVD processes, the distance between substrate 
and source is on the order of a fraction of a meter. The 
interaction energy at such a large distance is practically 
zero. As the atom approaches the surface, energy 
conservation leads to the following equation of motion:  
898: = − <=>?@ABC< DEF< GBC FHI G          (1) 
where 𝑚 and 𝑉( are the mass and the initial speed of 
the atom, respectively.  
 
 
FIG. 2. Schematic of trajectory deviation of an 
incoming atom toward a flat substrate by ∆ , due to 
vdW interactions. 
 
In order to achieve a closed-form theory, we 
consider two segments of the trajectory. In one segment, 
the initial kinetic energy is relatively larger in 
magnitude than the vdW interaction energy. As an 
approximation, the equation becomes: 8:89 = − tan 𝜃 1 − NO9@BC< DEF< G     (2) 
In absence of the vdW interactions, the equation of 
motion is: 8:89 = − tan 𝜃          (3) 
The lateral distance traveled by the atom according to 
Eq. (2) is smaller than that according to Eq. (3) by 
amount ∆1, which is also shown in Fig. 2. From Eqs. 
(2) and (3), we have: 8∆89 = FHIGNO9@BC< DEF@ G              (4) 
As the atom arrives at a vertical distance 𝑧P,  ∆Q= NFHIGRO9S<BC< DEF@ G             (5) 
In the other segment of the trajectory, the vdW 
interaction energy is larger than the initial kinetic 
energy in magnitude. As an approximation, Eq. (1) 
becomes: 898: = − QBC FHI G RNO9@      (6) 
As the atom travels from vertical position 𝑧P to 𝑧 = 0, 
the lateral distance it travels according to Eq. (6) is 
smaller than that according to Eq. (3) by amount ∆R, as 
shown in Fig. 2. ∆R= 𝑧P tan 𝜃 − RT 𝑉( sin 𝜃 𝑧PW< ORN     (7) 
We choose 𝑧P  to be the point when the vdW 
interaction energy and the initial kinetic energy due to 
vertical motion (that is, 𝑚𝑉(R cosR 𝜃 /2) are equal in 
magnitude. As a result of this choice,  𝑧P = RNOBC< DEF< G Z@        (8) 
The sum of ∆Q and ∆R approximately describes 
how much the trajectory of an atom is deflected: ∆= ∆Q + ∆R= Q\R( 𝑧P tan 𝜃       (9) 
 
FIG. 3. Comparison of closed-form theory of Eq. (9) 
with numerical solutions of Eq. (1), as a function of 
angle 𝜃  and initial kinetic energy of the incoming 
atom. 
 
To verify the approximate expression of Eq. (9), 
we also numerically solve Eq. (1). As shown in Fig. 3, 
the approximate expression is accurate for glancing 
angles beyond 80o and for typical kinetic energies 
around 0.2 eV [16, 20-22]; below 80o, the deflection 
becomes unimportantly small. It is important to note 
that the deflection can be as large as 100 nm, which is 
comparable to typical diameters and separations of 
nanorods and is therefore consequential for the growth 
of nanorods.  
Having established the closed-form theory of 
deflection on a flat substrate and verified its accuracy, 
we next extend the theory to more realistic cases of 
nanorods in three dimensions. To obtain a closed-form 
theory, we consider a tall and isolated nanorod, as 
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shown in Fig. 4. For this system, the vdW interaction 
energy 𝐸 is primarily from the interaction between the 
incoming atom and the nanorod, as opposed to between 
the nanorod and the substrate, and is given by:  𝐸 𝑥, 𝑦, 𝑧 = 1_N`𝒓` 𝑑𝑊        (10) 
where 𝑟  is the distance between the incoming atom 
and the volume element 𝑑𝑊 of the nanorod, and 𝜌 is 
the density of the nanorod. The interaction constant 𝐶f 
scales with 𝐶 , and for face-centered-cubic materials, 𝜌𝐶f = 6𝐶/𝜋. 
 
FIG. 4. Schematic of the trajectory deviation of an 
incoming atom toward a nanorod, due to vdW 
interactions, from two initial locations. 
 
Based on the principle of energy conservation, we 
have an equation of motion similar to Eq. (1). In order 
to achieve a closed-form theory, we note that the vdW 
interactions are the most effective only when the atom 
is in close proximity to the top surface of the nanorod, 
and further the strongest interactions come from the 
volume elements of the nanorod that are immediately 
below the atom. Therefore, instead of using the nanorod 
in Fig. 1, we use only the core of the nanorod as shown 
in Fig. 4. Based on this approximation, the front 
deflection Δj and the back deflection Δk along the x-
axis are (details of the derivation are available in Ref. 
[23]) 
Δj = Q\R( QZ?S@A`lm>@
Z@ tan 𝜃     (11) 
and 
Δk = -T Q<?S@A @l<m>@
Z@ tan 𝜃   (12) 
where 𝑙O  is the diameter of the nanorod core. The 
effective deflection Δ = Δj − Δk is therefore: 
∆= Q\R( QZ?S@A`lm>@
Z@ − -T Q<?S@A @l<m>@
Z@ tan 𝜃  (13) 
Since 𝑧P ≪ 𝑙O, we approximately have: ∆= Q\R( 1 − Rp9S@q>@ − -T QR@ 1 − p9S@R Rq>@ tan 𝜃 𝑧P (14) 
When the incoming atom is off the x-axis in the y-
direction, we assume that the deflection follows the 
same expression with 𝑙O  replaced by the nanorod 
thickness along the x-direction at that location. 
Therefore, the top surface will receive flux from an 
effectively larger area 𝐴s (details of the derivation are 
available in Ref. [23]): 𝐴s = pq><t 1 + 15 17 − 1223 𝑧𝑐𝜋𝑙𝑚 + 3645 − 17 𝑧𝑐3𝑙𝑚3 tan 𝜃   ≈ pq><t 1 + 0.48 𝑧𝑐𝑙𝑚 − 3.14 𝑧𝑐𝑙𝑚 3 tan 𝜃  (15) 
That is, the effective area is larger than the nominal 
surface area by a factor 𝑓, which is also the ratio of the 
effective flux 𝐹s on the top surface over the nominal 
flux 𝐹: 𝑓 = }~} = 1 + 0.48 𝑧𝑐𝑙𝑚 − 3.14 𝑧𝑐𝑙𝑚 3 tan 𝜃  (16) 
As a verification, we have numerically solved the 
equation of motion with the energy expression of Eq. 
(10). Based on the relative insensitivity to the kinetic 
energy as shown in Fig. 3, we choose one kinetic energy 
of 0.2 eV to verify the closed-form theory of Eq. (16) 
first as a function of incidence angle 𝜃 , for various 
diameters. As shown in Fig. 5(a), the closed-form 
theory of Eq. (16) is accurate for all relevant angles and 
diameters, as long as the diameter 𝑙O is not too small 
so that 𝑙O ≫ 𝑧P. For the small diameter of 10 nm, the 
theory becomes inaccurate at very large incidence 
angles beyond 89o. Further, we choose a diameter of 15 
nm and verify the theory as a function of the separation 
of periodic nanorods in hexagonal packing, for various 
incidence angles. As Fig. 5(b) shows, the theory is 
accurate once the separation is sufficiently large. Even 
for the case of 89o, the difference between the closed-
form theory and numerical solutions is within 10%. We 
note that the separation will be at least as large as the 
diameter of nanorods, which is about three times that of 
the core diameter 𝑙O  as the generalized theory will 
show near the end of this Letter. This means that 
nanorods will fall into the range where the theory is 
valid. While nanorods can be vertical as shown in Fig. 
1, they often are inclined relative to the substrate. For 
inclined nanorods that are in hexagonal packing on a 
substrate, the numerical solutions verify that the closed-
form theory is accurate also; Fig. 5(c). 
Having derived the effective flux 𝐹s or the factor 𝑓 , we next derive a generalized theory of nanorod 
diameter 𝐿O  which adds the shell element onto the 
nanorod core 𝑙O. For periodically arranged nanorods, 
each nanorod effectively receives the atomic flux of a 
substrate area 𝐴. This effective area depends on the 
Manuscript	
4 
separation 𝐿 and the arrangement of atomic flux. The 
conservation of mass defines the relationship between  
 
 
FIG. 5. Comparison of closed-form theory of Eq. (16) 
with numerical solutions of the equation of motion (a) 
as a function of angle 𝜃  for various diameters of a 
single nanorod; (b) as a function of separations of 
hexagonally arranged periodic nanorods for various 
incidence angles, with 𝑙O = 15	𝑛𝑚 ; and (c) as a 
function of nanorod inclination angle 𝛼  for various 
incidence angles, with 𝐿 = 80	𝑛𝑚 and 𝑙O = 15	𝑛𝑚. 
 
 
growth rate and the amount of atoms received, and 
requires that the diameter 𝐿O = 4𝜅𝐴/(𝜋𝑓) . In a 
PVD process without rotation of the substrate, the 
nanorods are inclined relative to the substrate normal, 
and the thermodynamically preferred surface, such as 
{111} for face-centered-cubic metals, is parallel to the 
substrate [15]. The effective area 𝐴  becomes 𝐹𝐿(𝐿O . Here 𝐿( is the separation on the substrate 
and is related to the separation that is perpendicular to 
the nanorod 𝐿  according to 𝐿 = 𝐿( cos 𝛼; here 𝛼 
is the angle of the nanorod with respect to the normal 
of the substrate. The principle of mass conservation 
gives (derivation details are available in Ref. [23]): 𝐿O = tpj 𝐿         (17) 
 
 
FIG. 6. (a) Scanning electron microscopy image of Cu 
nanorods from deposition of incidence angle 89°, with 
the scale bar being 250 nm; and (b) Comparison of 
experimental data with closed-form theory for nanorod 
diameter vs separation.  
  
To validate the generalized theory of nanorod 
diameter 𝐿O , we experimentally grow Cu nanorods 
using PVD (details are available in Ref. [23]). In the 
experiment, Cu nanorods are grown on a SiO2 
substrate, with the large incidence angle of 87°, 88° 
and 89° and a substrate temperature of about 300K. 
The deposition rate is 1.0 nm/s. Figure 6(a) shows the 
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typical morphology of well separated nanorods grown 
in experiment. Based on the theory developed in Ref. 
[15], the diameter of the nanorod core in Fig. 1 can be 
determined by including the modification of effective 
flux given in Eq. (16), which is about 9.4 nm for 87° 
deposition, 9.6 nm for 88° deposition, and 10.5 nm for 
89° deposition. The factor 𝑓 has a value of about 2.2 
for 87° deposition, 3.0 for 88° deposition, and 5.4 for 
89° deposition. According to Eq. (17), the diameter of 
nanorods is related to the separation by 0.58𝐿 for 87° 
deposition, 0.42𝐿  for 88° deposition, and 0.24𝐿 
for 89° deposition. As shown in Fig. 6(b), the 
experimental results validate the theory of Eq. (17) in 
terms of linear dependence and slope. 
In conclusion, we have reported a generalized 
theory of nanorod diameter that is analytical or in 
closed-form. The generalized theory incorporates non-
idealized geometrical shadowing below 90o and 
incorporates the effects of vdW interactions. In contrast 
to the previous theory for idealized geometrical 
shadowing [15], the generalized theory predicts 
nanorod diameters that are a factor of 2 or larger. 
Further, using PVD experiments we have validated the 
closed-form theories in terms of the linear dependence 
of diameter on separation and the slope of this 
dependence.  
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